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INTRODUCTION 
In this paper we prove a generalization of Baire’s category theorem for 
complete metric spaces involving chains or iterates of functions 
(Theorem 1.2), that extends both a result of Bourbaki [Bo] (also see 
Esterle [El) and a result of Beauzamy [Be]. 
We remark that by similar arguments, one can show that Theorem 1.2 is 
also true when each X, is a locally compact Hausdorff space. 
I thank Bernard Beauzamy for introducing me to the ideas associated 
with this paper and for many helpful conversations. Also I thank Richard 
Aron for making me aware of [E] and useful discussions. I thank 
Catherine for typing the manuscript. 
The author is grateful for the support of a University Fellowship from 
Kent State University, and a University of Pittsburgh Internal Research 
Grant. 
1. A GENERALIZATION OF BAIRE’S CATEGORY THEOREM FOR 
COMPLETE METRIC SPACES 
1.1. THEOREM. Let {(xn, 4J},Eo b e a sequence of complete metric 
spaces and suppose that for every n E N, T,, : A’, + A’,- , is a function with 
dense range that satisfies 
dn-l(Tnx, Tny)Gdn(x, Y), for all x, YEX,. 
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Let {O,,},“= 0 he a sequence of sets such that each 0, is open and dense in 
(A’,,, d,,). Then the set r is dense in (X,, d,), where we define 
r.=O,n fi T,T,... T,,O,. 
n=l 
We remark that each T,, above is continuous. Indeed, the following 
formally stronger result holds. 
1.2. THEOREM. Let {(X,, d,)j,"=, b e a sequence of complete metric 
spaces and suppose, for each n E N, that T,, : X, -+ X, ~ I is a continuous map 
with dense range. Let {O,},“=, be a sequence of sets such that each 0, is 
open and dense in X,,. Then the set r is dense in (X0, d,,), where we define 
r.=@,n fl TIT,...T,O,. 
n=l 
Proof of Theorem 1.2. We follow the proof of Esterle [E, 
Corollary 2.21. Put 6, := d,. For all n > 1 and x, y E X,, define 
6,(x, Y) :=max{dAx, Y), Ll((Tn x, T,Y)), dn-AT,-, T,J, T,-,Tny), 
. . . . d,( T, T2 . . . T,,x, T,T,-T,Y)). 
Each 6, is a metric, and for all n EN, 
L,(Tnx, T,Y)GJ,(x, Y), forall x, ycX,. 
Moreover, using the continuity of each T, and the completeness of each 
(A’,, d,,), it is not difficult to check that for every n E N u {0}, (X,, 6,) is a 
complete metric space and 6, is equivalent to d,, in the sense that they 
generate the same topology on X,,. 
The theorem now follows from Theorem 1.1, which we will prove 
below. 1 
The result below, due to Bourbaki [Bo, Theorem 2.3.11 (also see Esterle 
[E, Corollary 2.2]), follows from Theorem 1.2. 
1.3. COROLLARY. Let {W,, d,)>~~, b e a sequence of complete metric 
spaces and T,, : X, --t X,, _ 1 be a continuous function with dense range, for 
each nEN. 
Then for all m = 0, 1, 2, 3, ..,, 
fi T,,,+,T,,,+,... T,,,,,X,,,,, isdense in X,,,. 
n=l 
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Proof: It is enough to prove this theorem for m =O, and so it follows 
from Theorem 1.2 by setting 0, =X,, for every n = 0, 1, 2, 3, . . . . 1 
The next result follows immediately from Corollary 1.3 be replacing each 
metric space X, by the same space X. 
1.4. COROLLARY. Let (A’, d) be a complete metric space. Let {T,,},?= 1 be 
a sequence of continuous functions from X into X, such that each T, has a 
dense range. Then 
t T,T,...T,,Xisdensein(X,d). 
n=l 
The result below is due to Beauzamy [Be] in the case where X is a 
Banach space and T is a continuous linear mapping. It follows from 
Theorem 1.2. 
1.5. COROLLARY. Let (X, d) be a complete metric space and T: X+X be 
a continuous function with dense range. Let { @,},w~O be a sequence of open, 
dense sets in (X, d). Then 
i TW, is dense in (X, d). 
?7=0 
1.6. COROLLARY (Baire’s Category Theorem for Complete Metric 
Spaces). Let (X, d) be a complete metric space and (@,,},w~O be a sequence 
of open, dense sets in X. Then 
fi 0, is dense in X. 
IT=0 
Proof: Set T= id, in Corollary 1.5. 1 
We shall now turn to the proof of Theorem 1.1. We begin by recalling 
the following elementary lemma. 
LEMMA #. Suppose (X, T) and ( Y, a) are topological spaces and 
T: X---f Y is a continuous mapping with dense range. 
Zf D is dense in X then T(D) is dense in Y. 
The proof below follows that of the usual Baire category theorem and 
the result of [Be] described above. The key innovation is that the metric 
spaces involved at each level of construction may all be distinct. 
Proof of Theorem 1.1. For a metric space ( Y, d) we wil denote by 
370 CHRIS LENNARD 
B,(y,;s) the open ball {YE Y:d(y, Y~)<E}, and by B,(y,;s) the 
corresponding closed ball { y E Y : d(y, yO) < E}. 
Fix a non-empty open set U in (X,, d,). Choose x0 E X0 and E,, > 0 such 
that 
B,,(x,; Ed) c_ 0, n U. 
We can do this because OO is open and dense in X0. 
Now 0, is dense in X, and T, has dense range and is continuous, so 
that by Lemma #, T,@r is dense in X0. Choose x1 E 0, such that 
T, x1 E B,,(x, ; E,,). But 0, is open in X, and so there exists a positive 
number &I <so/2 such that 
0, is dense in X, and T, is continuous with dense range. So by 
Lemma #, T,O, is dense in X,. Choose x2 E O2 such that 
T2x2~BX,(x1; or). Since 0, is open in X,, there exists a positive number 
e2 < ~~12 such that 
Continuing inductively in this manner, we produce a sequence {x~};=~ 
with each x, E X, and a sequence of positive numbers { s,}TzO with 
E,<E,-~/~ and 
for every n EN. 
Note that for all n EN, E, < &e/2”. Consequently, for each n EN with 
n > 2. 
So, {T, T2. . T,x,} ,“= I is a Cauchy sequence in (X0, do), converging by 
the completeness of (X0, do) to z. E X0, say. Now for all n E N, 
T, T2 . . . T,,x, E B,,(x,; so); and so z. E B,,(x,; Ed) E U n 0,. 
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Further, for each n EN with n > 3, 
d,(T,T,... Tn-,T,,x,, TzT3...Tn-,xn--I) 
<dd,(T,...T,-,T,,x,, T3...Tnp1x,-1) 
d ... <dd,-,(T,x,,x,-,) 
60 
<En-, <- 2”-I’ 
So (T2... T,x,)~= z is a Cauchy sequence in (X, , d, ), converging by the 
completeness of (X,, d,) to some z1 EX,. Moreover, T, is continuous so 
that ( T, T, . . . T,x,}~& converges to T,z, in (X0, do). Thus 
zo= T,z,. 
But Tz... T,x,EB~,(x,;E,) for all n~52. So, z,EB,,(x,;E,)G 
T;‘(B,(x,; so)) n 8,. Thus z. = T,z, E T, 0,. In summary we have 




completeness of each (Jx’,~, d,), we see 
Z~E T, T2T3&, . . . . 
T, T, . . . T,,@,= Un f. 
So U n T# 0. Hence r meets every non-empty open subset of X0; i.e., r 
is dense in X0. 1 
REFERENCES 
[Be] B. BEAUZAMY, “Introduction to Operator Theory and Invariant Subspaces,” 
North-Holland, Amsterdam, 1988. 
[Bo] N. BOURBAKI, “Topologie Gk.ntrale,” Chap. II, Hermann, Paris, 1960. 
[E] J. ESTERLE, Mittag-Lefler methods in the theory of Banach algebras and a new 
approach to Michael’s problem, Contemp. Mud 32 (1984), 107-129. 
